Abstract. In the growth of islands and dots on surfaces there are interesting cases, where size-selection of dots is associated with the kinetically determined metastable state affected by both the energetics and kinetics of the growth. The detailed studies of the growth in these cases have been hampered by computational difficulties due to slow convergence towards the metastable state. In this work, we examine the size selected growth of nanodots by using a mesoscopic reaction kinetic model (RKM) and present an efficient and accurate computational scheme known as the master equation discretization (MED). The computational reliability of the method is tested in a typical case of 2D-nanocluster growth and it is shown that this approach allows us to study in detail the evolution of the size distribution in all stages of the growth from the initial stage, with a high density of small dots, to the final long-lived stationary state.
Introduction
Modelling of size-selection in nanodot growth is one of the central problems in nanocluster self assembly [1, 2, 3] . The spontaneous size-selection is known to occur in 2D-growth of nanodots [2] and also in the 3D-growth of nanoclusters [3] . The physical origin of size-selection can be attributed to the existence of an energy minimum for the cluster or dot formation energy. In this case, the formation of a long-lived metastable state is not directly related to the energy minimum but instead resulting now from the energetics and kinetics of growth [5, 6, 7] . The interplay between kinetics and energetics of growth in the determination of the metastable state makes size-selection a computationally demanding problem. Molecular dynamics (MD) methods can not be applied in obtaining such size distributions and their time evolutions because of the time scales and the ensemble sizes needed are well beyond the capabilities of MD. Although kinetic Monte Carlo (KMC) methods have managed to demonstrate the size-selection [2, 5, 6] , it is still an unfeasible method for obtaining size distributions with good statistics. Therefore there has been considerable interest to model size selection in the mesoscopic level by more coarse models.
In this work, we describe the size selected growth of nanodots by using a reaction kinetic model (RKM) with reaction rates for size dependent attachment and detachment rates and with energetics of adatom processes described through the free energy difference of the dots. The computational method used in this study is known as the master equation discretization (MED) scheme [8] . The reliability of MED is evaluated by comparing the results with simulations made by using the particle coalescence method (PCM) on a similar nanodot growth model [9] .
The reaction kinetic model
The nanocluster growth is described by the reaction kinetic model (RKM), which includes only adatom attachment and detachment processes A 1 + A s ↔ A 1+s with dots of size s. The reaction rates for attachment and detachment are σ s and γ s . This model simplifies the real growth problem by ignoring all spatial correlations between the dots, and only the average effect of dot density is taken into account through the energetics of the growth. The rate equations (RE) for adatom and dot densities n 1 and n s are
where t is time, Φ is the deposition flux of adatoms in monolayers (ML) per second and parameter κ defines the ratio of total detachment rate to the total attachment rate. In size selective systems, the reaction rates have energy barriers depending on the dot size. The essential feature of energetics is the existence of minimum value for the energy difference ∆ s = E s+1 − E s , where E s is the total free energy of dot of size s. The transition rates σ s and γ s can be then defined in terms of the effective energy barriers ∆ s , with an additional requirement that for reversible processes A 1 + A s ↔ A 1+s the reaction rates for attachment and detachment need to fulfill the condition of detailed balance γ s+1 /σ s = e β∆s . In the case of 2D-nanodot growth the most obvious choice for defining the detachment and attachment barriers is to follow the self consistent scheme [10] . With approximations, which preserve the basic physical behaviour, the self consistent scheme leads to reaction rates, σ s = s q /(1 + e β∆s ) and γ s = s q /(1 + e −β∆ s−1 ), where β = 1/k B T . In the region of interest here we further approximate the attachment rate with a simple power-law form σ s → s q . In this study, we will use a simple, phenomenological form for the total free energy, introduced by Gai et al. [3] to describe the growth of metallic dots. The choice leads to free energy difference of the form
In the following we do not explicitly discuss the effect of the various parameters, but rather use eq. 3 as a convenient and flexible fitting formula for several possible types of energetics of different physical origin.
The computational method
The MED scheme is based on master equations, which have the following form
where the sum is over nearest neighbors j of the grid point i, and W i→j are probabilities or transition rates for "hopping" from site i to site j. By changing the i:th grid point to correspond with nanodot size s, the master equation is formally equivalent with RKM equations for s ≥ 2. Grima et al. [8] have shown that continuum advection-diffusion equations which can be mathematically transformed and discretisized to the form of a master equation, are well suited to direct numerical integration. The accuracy of the MED algorithm was put to trial by running several calculations with higher time steps. The differences between the most accurate calculation, with a time step of δt, and the less accurate ones was gauged using the relative error defined as 
Results
The nanodot growth has two stages: 1) the initial stage during deposition, with high density of small dots; and after the deposition is interrupted, 2) a final long-lived stationary state mostly governed by energetics of the growth. The initial distribution of the nanodots is prepared by deposition of adatoms, and therefore the initial evolution of the size distribution is governed by the deposition flux and the reaction rates, which have essentially only the size dependence of the type s q . The crucial test in this region is to describe the expected singular inverse-power law behaviour of size distribution [11] . The scaled dot size distributions obtained from MED simulations are shown in Fig. 1 , where it is seen that the size distributions of dots follow closely the inverse power law s −q at small sizes, determined by the value of the parameter q.
As the growth continues beyond the kinetically determined stationary stage, size-dependence of the attachment rate begins to drive the growth and advection of the size distribution begins. Time development of the size distribution in the advection regime of growth is shown in Fig. 2 as obtained from the simulations. During the intermediate stage of growth, the size distribution begins to broaden rapidly. The front part of the distribution is Gaussian and propagates rapidly to larger sizes, while the trailing edge of the distribution is left behind and contains a large number of smaller dots. Consequently, distributions are skewed towards the small dot sizes. Finally, the width of distribution starts to diminish again and the distribution attains a closely Gaussian shape and becomes stationary. This stage of growth is extremely slow in comparison to initial stages of growth, as can be seen from the inset shown in Fig 2. In the final metastable state the size at the maximum of the distribution is larger than the size s 0 corresponding the minimum of free energy difference. This phenomenon of overshooting is a basic feature of kinetically determined metastable state [7] . Therefore, it is essential that MED simulations produce it in a similar way as in studies with PCM [9] .
The width of the distribution changes in an interesting way during growth (Fig. 2) , finally reaching a stationary value, but first overshooting this stationary value by a factor of about 3-5. Similarly, the skewness of the distribution (Fig. 3) is first negative, signaling significant skewness towards small dots, and when the final long-lived stationary stage of growth is reached it attains a small negative value. Size-selection observed in this final stage of growth is very general and generic process; it is produced with similar properties with different choices of parameters. For example, the changes in parameters defining the free energy do not affect the basic qualitative features of onset of the stationary state or properties of the distribution. Of course, the absolute values of sizes where stationary state occurs do change, but the relative amount of overshooting is always about 1.2-1.5 with different parameter combinations. It is now essential to note that both MED and PCM describe the evolution of distribution shape in nearly complete agreement, and the agreement becomes better the nearer the distribution is to the final metastable state. Both methods lead to results that the distributions are nearly Gaussian, but slightly skewed. The temperature has mostly effect on the width of the distribution, as is shown in more detail in Fig. 4 . The distribution broadens with the increasing temperature so that σ ∝ k B T . The average size in stationary state is also affected by the temperature, but this is quite a moderate effect. This behaviour is consistent with PCM simulations of the same model. The differences in the absolute scales between MED and PCM are due to dissimilar initial distributions of dots. The simulation was repeated with higher time steps to gauge the ensuing error. The relative error as a function of time is plotted in the inset Fig. 3 and it can be seen that MED is quite stable against changes in the time step of integration.
Conclusions
We have discussed the size-selection of nanodots during their growth within the framework of reaction kinetic model, and the model equations are solved by a direct numerical integration method based on the MED scheme. The MED manages to produce correctly all the different stages in nanodot growth model used in this study. For the initial stage of growth the simulation reproduced the singular inverse-power law type of distributions. On the other hand, MED also managed to provide the final metastable size distributions, where the interplay between kinetics and energetics induce the distribution to overshoot the energetically favoured size and produce a small but essential skewness toward smaller dot sizes.
